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Abstract Linear codes are widely employed in communication systems, consumer
electronics, and storage devices. All linear codes over finite fields can be generated by
a generator matrix. Due to this, the generator matrix approach is called a fundamental
construction of linear codes. This is the only known construction method that can
produce all linear codes over finite fields. Recently, a defining-set construction of
linear codes over finite fields has attracted a lot of attention, and have been employed
to produce a huge number of classes of linear codes over finite fields. It was claimed
that this approach can also generate all linear codes over finite fields. But so far, no
proof of this claim is given in the literature. The objective of this paper is to prove this
claim, and confirm that the defining-set approach is indeed a fundamental approach to
constructing all linear codes over finite fields. As a byproduct, a trace representation
of all linear codes over finite fields is presented.
Keywords Cyclic codes · linear codes · weight distribution · weight enumerator ·
trace function
1 Introduction
Throughout this paper, let q be a power of a prime p. An [n,k,d] linear code C over
GF(q) is a k-dimensional subspace of GF(q)n with minimum Hamming distance d.
Let Ai denote the number of codewords with Hamming weight i in a linear code C of
length n. The weight enumerator of C is defined by
1+A1z+A2z2 + · · ·+Anzn.
The weight distribution of C is the sequence (1,A1, . . . ,An).
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An [n,k] linear code C over GF(q) is called cyclic if (c0,c1, · · · ,cn−1)∈ C implies
(cn−1,c0,c1, · · · ,cn−2) ∈ C . We can identify a vector (c0,c1, · · · ,cn−1)∈ GF(q)n with
c0 + c1x+ c2x
2 + · · ·+ cn−1x
n−1 ∈ GF(q)[x]/(xn − 1).
In this way, a code C of length n over GF(q) corresponds to a subset of the quotient
ring GF(q)[x]/(xn − 1). A linear code C is cyclic if and only if the corresponding
subset in GF(q)[x]/(xn − 1) is an ideal of the ring GF(q)[x]/(xn − 1).
It is well-known that every ideal of GF(q)[x]/(xn−1) is principal. Let C = 〈g(x)〉
be a cyclic code, where g(x) is monic and has the smallest degree among all the
generators of C . Then g(x) is unique and called the generator polynomial, and h(x) =
(xn − 1)/g(x) is referred to as the check polynomial of C .
Cyclic codes over finite fields can be generated by a generator matrix, or a gener-
ator polynomial, or a generating idempotent. Under certain conditions, cyclic codes
over finite fields have a trace representation described in the following theorem whose
proof is based on Delsarte’s Theorem [18,2].
Theorem 1 (Wolfmann) Let C be a cyclic code of length n over GF(q) with parity-
check polynomial h(x), where gcd(n,q) = 1. Let β be a primitive n-th root of unity
over GF(qm), where m := ordn(q) is the order of q modulo n. Let J be a subset of
Zn = {0,1,2, · · · ,n− 1} such that
h∗(x) = ∏
j∈J
mβ j (x),
where mβ j (x) denotes the minimal polynomial of β j over GF(q), and h∗(x) is the
reciprocal of h(x). Then C consists of all the following codewords
ca(x) =
n−1
∑
i=0
Tr( fa(βi))xi,
where Tr denotes the trace function from GF(qm) to GF(q), and
fa(x) = ∑
i∈J
a jx j, a j ∈ GF(qm).
This trace representation of certain sub-classes of cyclic codes was known for a
long time. For example, the trace representation of irreducible dates back at least to
Baumert and McEliece [1]. A trace description of irreducible quasi-cyclic codes was
ginen in [17]. The trace representation of cyclic codes over finite fields in Theorem 1
was presented and proved by Wolfmann in [18] under the restriction that gcd(q,n) =
1. It demonstrates another way of generating many cyclic codes over finite fields.
The importance of this trace representation is mostly demonstrated by its application
in determining the weight distribution (also called the weight enumerator) of cyclic
codes over finite fields. The trace representation allows one to determine the weight
distribution of a cyclic code by evaluating certain types of character sums over finite
fields, and has led to a lot of recent progress on the weight distribution problem of
cyclic codes [5,9].
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However, to the best knowledge of the author, no similar trace representation of
linear codes over finite fields is available in the literature. Even the trace represen-
tation in Theorem 1 has the restriction that gcd(n,q) = 1 and thus applies to only a
special type of cyclic codes. One objective of this paper is to give a trace representa-
tion of all linear codes over finite fields.
It is well known that all linear codes over finite fields can be generated with a
generator matrix. Because of this fact, the generator matrix approach is a fundamen-
tal approach to constructing all linear codes over finite fields and is the only one.
Recently, a defining-set construction of linear codes over finite fields has been inten-
sively investigated, and shown to be a promising approach, as many classes of linear
codes with good parameters have been produced. It was claimed in [3] that all linear
codes over finite fields can be produced with this approach. But so far, no proof has
been seen in the literature. Another objective of this paper is to provide this claim,
and confirm that it is indeed a fundamental construction of all linear codes over finite
fields.
2 A generic construction of linear codes over finite fields
Throughout this section, let q be a prime power and let r = qm, where m is a positive
integer. Let Tr denote the trace function from GF(r) to GF(q) unless otherwise stated.
2.1 The description of the construction
Let D = {d1, d2, . . . , dn} ⊆ GF(r). We define a code of length n over GF(q) by
CD = {(Tr(xd1),Tr(xd2), . . . ,Tr(xdn)) : x ∈ GF(r)}, (1)
and call D the defining set of this code CD. Since the trace function is linear, the code
CD is linear. By definition, the dimension of the code CD is at most m.
Different orderings of the elements of D give different linear codes, which are
however permutation equivalent. Hence, in this paper, we do not distinguish these
codes obtained by different orderings, and do not consider the ordering of the ele-
ments in D. It should be noticed that the defining set D could be a multiset, i.e., some
elements in D may be the same.
2.2 The generator matrix of the trace code CD
Every linear code over a finite field must have a generator matrix. In this subsection,
we derive a generator matrix for the trace code CD, where
D = {d1, d2, . . . , dn} ⊆ GF(r). (2)
Let {α1,α2, · · · ,αm} be a basis of GF(r) over GF(q), and {β1,β2, · · · ,βm} be its
dual basis. By the definition of the dual basis,
Tr(αiβ j) =
{
0 for i 6= j,
1 for i = j. (3)
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Note that every basis of GF(qm) over GF(q) has its dual basis [16, p. 58].
Let
di =
m
∑
j=1
d j,iα j, where all d j,i ∈ GF(q)
and
x =
m
∑
h=1
xhβh, where all xh ∈ GF(q).
Then we have
Tr(dix) = Tr
(
m
∑
h=1
m
∑
j=1
xhd j,iTr(α jβh)
)
=
m
∑
h=1
xhdh,i. (4)
Consequently,
cx = (Tr(d1x),Tr(d2x), · · · ,Tr(dnx)) = (x1,x2, · · · ,xn)D (5)
where
D =


d1,1 d1,2 · · · d1,n
d2,1 d2,2 · · · d2,n
.
.
.
.
.
.
.
.
.
.
.
.
dm,1 dm,2 · · · dm,n

 . (6)
As a result, D is a generator matrix of the code CD, and depends on the choice of the
basis {α1,α2, · · · ,αm}. We will need this generator matrix later in this paper.
2.3 Weights in the codes CD
Define for each x ∈ GF(r),
cx = (Tr(xd1), Tr(xd2), . . . , Tr(xdn)), (7)
The Hamming weight wt(cx) of cx is n−Nx(0), where
Nx(0) = |{1 ≤ i ≤ n : Tr(xdi) = 0}|
for each x ∈ GF(r).
It is easily seen that for any D = {d1, d2, . . . , dn} ⊆ GF(r) we have
qNx(0) =
n
∑
i=1
∑
y∈GF(q)
χ˜1(yTr(xdi))
=
n
∑
i=1
∑
y∈GF(q)
χ1(yxdi)
= n+
n
∑
i=1
∑
y∈GF(q)∗
χ1(yxdi)
= n+ ∑
y∈GF(q)∗
χ1(yxD), (8)
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where χ1 and χ˜1 are the canonical additive characters of GF(r) and GF(q), respec-
tively, aD denotes the set {ad : d ∈ D}, and χ1(S) := ∑x∈S χ1(x) for any subset S of
GF(r). Hence,
wt(cx) = n−Nx(0) =
(q− 1)n−∑y∈GF(q)∗ χ1(yxD)
q
. (9)
Thus, the computation of the weight distribution of the code CD reduces to the deter-
mination of the value distribution of the character sum
∑
y∈GF(q)∗
n
∑
i=1
χ1(yxdi).
2.4 Comments on the trace construction and the objective of this paper
This construction technique has a long history [1], and was employed in [8], [7] and
[3] for obtaining linear codes with a few weights. Recently, this trace construction of
linear codes has attracted a lot of attention, and a huge amount of linear codes with
good parameters are obtained in [4,10,11,12,13,19,20,21].
It was claimed in [3] that every linear code C over a finite field GF(q) has a trace
construction, i.e., C = CD for some defining set D ∈ GF(qm), where m is a positive
integer. However, to the best of the author’s knowledge, no proof of this claim is
available in the literature. We will prove this statement shortly.
3 A trace representation of linear codes over finite fields
In this section, we will give a trace representation of all linear codes over finite fields.
Specifically, we will prove that any linear code C of length n over GF(q) can be
expressed as a trace code CD, where D is a subset of GF(qm) for some positive integer
m.
Let
D′ =


d′1,1 d′1,2 · · · d′1,n
d′2,1 d′2,2 · · · d′2,n
.
.
.
.
.
.
.
.
.
.
.
.
d′k,1 d′k,2 · · · d′k,n

 . (10)
be any matrix whose row vectors span a linear code C of length n over GF(q), where
k is equal to or more than the dimension of C .
Set m = max{k,⌈logq n⌉}. By definition, we have m ≥ k and n ≤ qm. Now put
d′i =
k
∑
j=1
d′j,iα j for all 1 ≤ i ≤ n,
where {α1,α2, · · · ,αm} is a basis of GF(qm) over GF(q).
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Define D′ = {d′1,d′2, · · · ,d′n}. It then follows from the discussion in Section 2.2
that the trace code CD′ has generator matrix D′, and is thus equal to C .
In general, we would have m as small as possible when we wish to have a trace
construction of a linear code C . To this end, we may have a generator matrix whose
row vectors are linearly independent over GF(q), i.e., the parameter k above is equal
to the dimension of C . It is now clear that a linear code over a finite field has many
trace constructions (representations), depending on the choice of a generator matrix.
Example 1 Let q = 2 and n = 7. Let C be the binary code with length n = 7 and
generator matrix
G =

 1 0 0 1 1 0 00 1 0 0 1 1 0
0 0 1 0 0 1 1

 . (11)
Then C has dimension k = 3. Let m = max{k,⌈logq n⌉}= 3. Let α be a generator of
GF(23)∗ with α3 +α+ 1 = 0. Define D = {d1,d2,d3,d4,d5,d6,d7}, where
d1 = 1, d2 = α, d3 = α2, d4 = 1, d5 = α3, d6 = α4, d7 = α2.
Then the trace representation of C is the code CD of (1), where Tr is the trace function
from GF(23) to GF(2).
Example 2 Let q = 2 and n = 7. Let C be the binary code with length n = 7 and
generator matrix
G =


1 0 0 0 1 1 0
0 1 0 0 0 1 1
0 0 1 0 1 0 1
0 0 0 1 0 1 1

 . (12)
Then C has dimension k = 4. Let m = max{k,⌈logq n⌉}= 4. Let α be a generator of
GF(24)∗ with α4 +α+ 1 = 0. Define D = {d1,d2,d3,d4,d5,d6,d7}, where
d1 = 1, d2 = α, d3 = α2, d4 = α3, d5 = α8, d6 = α7, d7 = α11.
Then the trace representation of C is the code CD of (1), where Tr is the trace function
from GF(24) to GF(2).
The trace representation of this section gives naturally a trace construction of all
cyclic codes over finite fields without the condition that gcd(n,q) = 1. Recall that
Theorem 1 requires that gcd(n,q) = 1.
It is indeed a fundamental construction of all linear codes 7
4 Another trace representation of all cyclic codes over finite fields
In this section, we give a trace representation of all cyclic codes over finite fields. This
representation may be related to the q-polynomial approach to cyclic codes developed
in [6].
Let C be a cyclic code of length n over GF(q). A polynomial
f (x) =
n−1
∑
i=0
fixi ∈ GF(q)[x]
generates C if and only if gcd( f (x),xn − 1) is equal to the generator polynomial of
C . There are many such polynomials f (x) that generates C , e.g., the generator poly-
nomial and the generating idempotent of C . Such a polynomial f can be employed to
give a special trace representation of the code C . The following theorem gives such a
representation.
Theorem 2 Let f (x) = ∑n−1i=0 fixi ∈ GF(q)[x] be any polynomial that generates a
cyclic code C of length n over GF(q). Let α be a normal element of GF(qn) over
GF(q). Define
d =
n
∑
j=1
fn− jαq j
and
D =
{
d,dq,dq2 , · · · ,dqn−1
}
.
Then C = CD, which is the trace code with defining set D, where the trace function is
from GF(qn) to GF(q).
Proof Since f is a generator polynomial of the cyclic code C , C has the following
generator matrix: 

f0 f1 f2 f3 · · · fn−3 fn−2 fn−1
fn−1 f0 f1 f2 · · · fn−3 fn−1 fn−2
fn−2 fn−1 f0 f1 · · · fn−5 fn−4 fn−3
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
f2 f3 f4 f5 · · · fn−1 f0 f1
f1 f2 f3 f4 · · · fn−2 fn−1 f0


.
Since α is a normal element of GF(qn) over GF(q), {α,αq, · · · ,αqn−1} is a normal
basis of GF(qn) over GF(q). Let
di =
n−1
∑
j=0
f( j+i−1) mod nαq j .
for all i with 1 ≤ i ≤ n. Then di = dq
i−1 for all i. It then follows from the discussion
in Section 3 that C = CD.
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Example 3 Let q = 2 and n = 7. Let C be the binary cyclic code with length n = 7
and generator polynomial f (x) = 1+ x+ x3. Then C has dimension k = 4. Let β be
a generator of GF(27)∗ with β7 + β+ 1 = 0. Then α = β70 is a normal element of
GF(27). Then
d = α26 +α25 +α23 = β14.
Define D = {d1,d2,d3,d4,d5,d6,d7}, where
d1 = dq
0
= β14,
d2 = dq
1
= β28,
d3 = dq
2
= β56,
d4 = dq
3
= β112,
d5 = dq
4
= β97,
d6 = dq
5
= β67,
d7 = dq
6
= β7.
Then the trace representation of C is the code CD of (1), where Tr is the trace function
from GF(27) to GF(2).
The trace representation of Theorem 1 works under the condition that gcd(q,n) =
1 only. Hence, it does not apply to all cyclic codes over finite fields. The advantage of
Theorem 2 is that it applies to all linear codes. But its disadvantage is that the trace
function is from a large extension field GF(qn) to GF(q). The trace representation
of all linear codes over finite fields gives automatically a trace representation of all
cyclic codes over finite fields.
5 Summary and concluding remarks
The main contribution of this paper is the trace representation of all linear codes over
finite fields described in Section 3. Consequently, any linear code C over a finite field
may be generated with a definition set D via the trace construction. Hence, all types of
linear codes over finite fields, including all cyclic codes, have a trace representation
without having any restriction. This proves the claim in [3] and confirms that the
defining-set method is indeed a fundamental construction of all linear codes over
finite fields.
The trace construction of linear codes CD has the following advantages over the
generator matrix construction.
1. The description of the code CD is simpler.
2. The determination of the weight distribution of CD is much easier using the trace
construction, as the weights of the codewords are expressed as character sums of
the form (9).
3. It is possible to develop lower bounds on the minimum distance of linear codes
when they are given as a trace code [9].
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It is observed that in almost all cases of the determination of the weight distribution
of linear codes, the trace construction has been employed.
A linear code over a finite field has many trace representations. Special types of
linear codes may have special forms of trace representations. A trace representation
of quasi-cyclic codes was given in [15]. A trace representation of quasi-negacyclic
codes codes was presented in [14]. It would be interesting to develop other trace
representations for special subclasses of linear codes.
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